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SUBJECTIVE PROBABILITY AND THE THEORY OF
GAMES: COMMENTS ON KADANE AND LARKEY’S
PAPER+

JOHN C. HARSANYI}

The normative solution concepts of game theory try to provide a clear mathematical
characterization of what it means to act rationally in a game where all players expect each
other to act rationally. Kadane and Larkey reject the use of these normative solution concepts.
Yet, this amounts to throwing away an important piece of information to the effect that the
players are rational and expect each other to be rational. Even in situations where the players
do not expect each other to act with complete rationality, normative game theory can help
them heuristically to formulate reasonable expectations about the other players’ behavior.
(GAME THEORY; RATIONALITY; BAYESIANISM; SUBJECTIVE PROBABILITIES)

According to some textbooks, there are two versions of Bayesian decision theory.
The subjectivist version supposedly permits the decision-maker to choose his subjective
probabilities in any arbitrary way (at least as long as they obey the addition and the
multiplication laws of the probability calculus). In contrast, the necessitarian version
uniquely specifies the subjective probabilities which a rational decision-maker can use
in any given situation.

A little reflection will show that both textbook versions of Bayesian theory are
empty caricatures. Admittedly, the verbal pronouncements of some Bayesian statisti-
cians often come quite close to one or the other of these two extreme views, but I have
yet to see a working statistician whose statistical practice has actually been governed
by either view. When confronted with real-life statistical problems, all competent
Bayesian statisticians will recognize that in some situations there is only one rational
prior distribution, whereas in other situations we have a more or less free choice
among many alternative priors.

Even Leonard Savage, whose views come closest to extreme subjectivism among
distinguished Bayesian statisticians, has always admitted that in some situations (viz.,
those involving random devices with suitable physical symmetries, such as fair coins or
fair dice, etc.) all reasonable people will use the same (rectangular) probability
distributions. More recently, many Bayesian physicists have argued convincingly that
in thermodynamics and in some other branches of physics one can derive the classical
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COMMENT 121

prior probability distributions in a uniform and systematic way by using the maximum
entropy principle in conjunction with certain physical invariance principles (cf. espe-
cially, the brilliant work of Jaynes, [3], [4]).

The basic reason why many physicists now favor this approach is simply that it does
the job: it permits derivation of the usual theorems of thermodynamics in a particularly
simple and elegant way and also permits their generalization to nonequilibrium
situations when alternative approaches fail. Would Kadane and Larkey propose that
our physicist colleagues should give up this extremely fruitful approach merely in order
to conform to some arbitrary dogmatic subjectivist orthodoxy for no good reasons
whatever?

From a Bayesian point of view, rational strategy choice by a given player in any
game always amounts to choosing a strategy maximizing his expected payoff (expected
utility) in terms of a subjective probability distribution over the strategy combinations
available to the other players. But this immediately poses the question of how this
probability distribution is to be chosen by a rational player—more specifically, how this
distribution is to be chosen by a rational player who expects the other players to act
rationally, and also expects these other players to entertain similar expectations about
him and about each other.

Most game theorists answer this question by constructing various normative
“solution concepts” based on suitable rationality postulates and by assuming that the
players will act, and will also expect each other to act, in accordance with the relevant
solution concept. In contrast, Kadane and Larkey oppose any use of normative
solution concepts and oppose imposing any rationality criteria on the players’ choice
of subjective probabilities. They do not seem to realize that their approach would
amount to throwing away essential information, viz., the assumption (even in cases
where this is a realistic assumption) that the players will act rationally and will also
expect each other to act rationally. Indeed, their approach would trivialize game theory
by depriving it of its most interesting problem, that of how to translate the intuitive
assumption of mutually expected rationality into mathematically precise behavioral
terms (solution concepts).

For example, what makes von Neumann’s theory of two-person zero-sum games so
important and interesting is precisely the very specific solution concept it yields: it is
the fact that his theory convincingly demonstrates that in a two-person zero-sum game
against a rational opponent the only sensible policy is to use a maximin strategy. For
example, consider the following game:

X Y V4
A 3,-3 -7, -5,5
B 8 —8 5 =5 - 1,1
C 10, — 10 -8,8 - 6,6

In this game, player 1 can easily see that player 2 by using his minimax strategy Z
can always ensure that player 2’s payoff will not fall below 1 unit and that, therefore,
player 1’s payoff will not rise above — 1 unit. Hence, player 1 will know that, if player
2 acts rationally, player 1 cannot expect to obtain a payoff above —1. Consequently,
player 1 must concentrate on ensuring that his payoff will at least not fall below —1.
Yet, the only way he can ensure this is by using his maximin strategy B. Therefore, the
only rational thing for him to do is to use this particular strategy.

All this argument assumes is that it is rational for player 2 to ensure that he will win
at least $1, if he cannot reasonably expect to win more than that, and that it is rational
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for player 1 to ensure that he will lose ar most $1, if he cannot reasonably expect to
lose less than that.

Kadane and Larkey have obviously never understood the logical force of this
argument basic to von Neumann’s theory because they argue that use of a maximin
strategy is rational only if our opponent has committed himself specifically to use a
minimax strategy—as if his being committed simply to maximizing his payoff from the
game were not sufficient.

What could Kadane and Larkey put in place of von Neumann’s theory? Only the
highly uninformative statement that in a two-person zero-sum game, just as in any
other game, each player should try to maximize his expected payoff in terms of his
subjective probabilities. If we are not told how he should choose his subjective
probabilities, this statement amounts to no more than saying that he should do
whatever he thinks is best—without telling him in any way what he should think was
best for him to do.

To be sure, von Neumann’s argument is restricted to the case where the two players
expect each other to act rationally. For instance, if player 1 thinks that player 2 is
foolish enough to use strategy X (or even if he assigns a high-enough probability to this
possibility), it will become rational for him to employ strategy C—in the hope of
obtaining a payoff of $10.

In contrast, in deciding on the best strategy against an actually or potentially
irrational opponent or opponents, normative game theory can provide only indirect
help. Rather, what we need is an empirically supported psychological theory making at
least probabilistic predictions about the strategies people are likely to use and, in
particular, about the strategic mistakes they are likely to make, given the nature of the
game and given their own psychological makeup. If we had such a theory, deciding on
the best strategy against such an opponent would not involve any game-theoretical
analysis, but would rather involve merely a solution of a simple maximization
(expected-utility maximization) problem.

This is not to imply that normative game theory cannot provide very valuable
heuristic help in developing such a psychological theory of actual—often quite error-
prone—human behavior in game situations. To the contrary, normative theories of
rational behavior can often suggest very fruitful hypotheses to empirical psychology
because irrational actions can often best be interpreted as psychologically understand-
able deviations from the normative standards of rationality. For example, a psycholo-
gist trying to predict actual computation behavior will certainly benefit by knowing
arithmetic, which can be regarded as the normative theory of correct computation,
because it is easier to explain computation errors and to tell exactly what “has gone
wrong” in any given case if you know the correct answers and know the correct
arithmetic procedures yielding these answers.

In the same way, experience shows that it is much easier to explain people’s—often
mistaken—moves in experimental games if you know normative game theory than if
you do not. But this does not change the fact that normative game theory and
psychological—explanatory and predictive—theories of actual game-playing behavior
are very different intellectual enterprises, using very different methodologies as a
matter of logical necessity.

Apart from objecting to game-theoretical solution concepts, Kadane and Larkey
also object to the use of probabilistic models for the mathematical representation of
games with incomplete information (as I proposed in Harsanyi, [2]). But their discus-
sion shows that their objections are based on a complete failure to understand the
purpose of these models. They seem to think that the “basic probability distribution”
used in these models is meant to be a factor “that influences the players’ priors.” In
actual fact, the prior distribution is merely a mathematical artifact introduced into the
model so that the subjective probability distributions used by the players in deciding
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their strategies can be replaced by objective (conditional) probability distributions in
order to obtain a game model admitting of analysis by the usual analytic methods of
game theory. The logical justification for replacing the original game containing
subjective probability distributions with a probabilistic game model involving only
objective probability distributions is the well-known fact that any Bayesian decision-
maker (or player) will always act exactly the same way, regardless of whether he
interprets the numerical probabilities he assigns to various events as objective probabili-
ties corresponding to long-run frequencies or as subjective probabilities expressing
merely his own personal beliefs.

One important advantage of this approach to games with incomplete information is
that it yields probabilistic models very well suited to a study of such important
game-theoretical problems as how each player can optimally withhold information
from, or convey information credibly to, some of the other players in accordance with
his own strategic interests in the game. ‘

Of course, the final test for the usefulness of this approach is whether it actually
works. Judging from the rather extensive and very successful research on incomplete-
information games in the last thirteen years, I think it is reasonable to conclude that it
passes this test with flying colors. Kadane and Larkey themselves list a number of
papers in this area, most of which analyze infinitely many times repeated two-person
zero-sum games with incomplete information, or discuss bargaining under incomplete
information. In the last few years, however, this approach has been very successfully
extended also to auctions and to other forms of competitive bidding. (For a survey of
most of this work, see Engelbrecht-Wiggans, [1].) Not only have these various lines of
research produced some very important new conceptual insights, as well as some very
ingenious mathematics, but most of this work has been wholly dependent on a use of
probabilistic models in analyzing incomplete-information games and could not have
been done by any alternative method.

What could Kadane and Larkey propose as an alternative to this approach to games
with incomplete information? All they could suggest is the very uninformative state-
ment that in games of this kind, just as in all other games, every player should always
do whatever seems best to him.

In conclusion, Kadane and Larkey have offered no real argument against the use of
normative solution concepts and of the other analytical tools of game theory—except
for the irrelevant observation that this practice is contrary to their own much too
narrow and dogmatic interpretation of Bayesian decision theory. Historically, game
theory has always identified its fundamental intellectual problem as that of finding a
precise formal definition for the intuitive notion of rational behavior as applied to
game situations. Trying to solve this problem, game theorists have developed many
important new concepts, as well as a good deal of first-rate mathematics. Kadane and
Larkey have not proposed any viable alternative to this approach. All they have
proposed is to trivialize game theory by rejecting this basic intellectual problem and to
replace it by the uninformative statement that every player should maximize his
expected utility in terms of his subjective probabilities without giving him the slightest
hint of how to choose these subjective probabilities in a rational manner.'

'The author wishes to thank the National Science Foundation for supporting this work by grant
SES77-06394 to the Center for Research in Management, University of California, Berkeley.
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REPLY TO PROFESSOR HARSANYT

JOSEPH B. KADANE anp PATRICK D. LARKEY

Our differences with Professor Harsanyi are not as profound as might appear. His
principal source of discomfort with our paper seems to be the indeterminancy that
results from our inability to tell you what your opponent is likely to do. Our suggestion
is that this is an empirical matter, and that we need studies of how different sorts of
people play different sorts of games. Professor Harsanyi’s position, as we understand
it, is that you should assume that your opponent is “rational” and then decide what
“rationality” implies for his behavior in the particular game in question, and act
accordingly.

Thus we agree with Professor Harsanyi that “in deciding on the best strategy against
an actually or potentially irrational opponent or opponents, normative game theory
can provide only indirect help. Rather, what we need is an empirically supported
psychological theory making at least probabilistic predictions about the strategies
people are likely to use, ... given the nature of the game and given their own
psychological makeup. If we had such a theory, deciding on their best strategy against
such an opponent ... would ... involve...a solution of a simple maxi-
mization . . . problem.” We would add only that the empirical data cited in our paper
supports the conclusion that opponents tend to be “actually or potentially irrational,”
and hence we attach urgency to further psychological research on actual behavior of
people making decisions in game situations.
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REJOINDER TO PROFESSORS KADANE AND LARKEY

JOHN C. HARSANYI

Frankly, I do not think it would serve any useful purpose to minimize the
importance of our disagreement because it is about the very foundations of game
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